Asymptotic hereditary asphericity of metric spaces of asymptotic dimension 1  by Zubik, Joanna
Topology and its Applications 157 (2010) 2815–2818Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Asymptotic hereditary asphericity of metric spaces of asymptotic
dimension 1
Joanna Zubik
Instytut Matematyczny, Uniwersytet Wrocławski, pl. Grunwaldzki 2/4, 50-384 Wrocław, Poland
a r t i c l e i n f o a b s t r a c t
Article history:
Received 5 June 2010





Asymptotic hereditary asphericity (AHA) is a coarse property introduced by Januszkiewicz
and S´wia¸tkowski in the context of systolic complexes and groups. We show, that spaces of
asymptotic dimension 1 are all AHA.
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1. Introduction
The concept of asymptotic hereditary asphericity (AHA) was introduced by Januszkiewicz and S´wia¸tkowski (see [8]). It
was inspired by the property of hereditary asphericity for topological spaces (Davermann [3]), which was used to construct
examples of spaces, for which the cell-like maps do not raise dimension. Januszkiewicz and S´wia¸tkowski used AHA to show
that there exist hyperbolic groups of any cohomological dimension, which contain no subgroups isomorphic to fundamental
groups of closed nonpositively curved riemannian manifolds of dimension greater than 2.
Metric spaces which uniformly embed in a metric space which is AHA, are also AHA (see [8]). In particular, AHA is
a quasi-isometry invariant. Thus it makes sense to speak about AHA property for ﬁnitely generated groups (equipped with
word metrics associated to any ﬁnite generating set). Finitely generated subgroups inherit AHA property.
Januszkiewicz and S´wia¸tkowski showed in [7] and [8] that there exist torsion-free hyperbolic AHA groups of arbitrary
cohomological dimension. For any hyperbolic group Γ , asdimΓ  dim∂Γ + 1 (see [11]). For torsion free hyperbolic groups,
dim∂Γ = cdΓ − 1, where cdΓ means cohomological dimension of Γ (see [2]). Hence we have asdimΓ  cdΓ for those
groups. Due to this fact, there exist AHA groups of arbitrarily large asymptotic dimension.
In the present paper we prove the following.
Theorem.Metric spaces of asymptotic dimension 1 are AHA.
For ﬁnitely presented groups of asymptotic dimension 1 this result is not very exciting, because these groups are virtually
free (see [8, Corollary G]). But there are also many other examples where this result applies. These are groups of asymptotic
dimension 1 which are ﬁnitely generated but inﬁnitely presented, like the lamplighter group Z2 Z (see [5]). Other examples
were given by Dranishnikov and Smith, who noticed in [4] that every countable discrete group admits a natural class of
metrics, so-called proper invariant metrics, which generalize word metrics and have the property that any two of these
metrics on a given group are coarsely equivalent. It thus makes sense to speak about asymptotic dimension for inﬁnitely
generated countable discrete groups. For example, Smith showed in [10, Theorem 4], that asdim(Q) = 1.
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contain subspaces that are not aspherical, even on the large scale. In dimension 2, Osajda and S´wia¸tkowski have shown in
[9] that groups from various natural classes are AHA, e.g. the small cancellation groups, random groups of Gromov, knot
groups. In the same paper, they formulate the following conjecture: every asymptotically aspherical group of asymptotic
dimension 2 is AHA. This conjecture is an asymptotic group theoretic analogue of Whitehead conjecture, and it is open.
The main result of this paper fully clariﬁes the situation in asymptotic dimension 1.
2. Deﬁnitions
Deﬁnition 1. Given a metric space X and a real number r > 0, the Rips complex Ripsr(X) is the simplicial complex with X
as the vertex set, in which a ﬁnite subset of X spans a simplex if and only if all distances between the points in this subset
are not greater than r.
Clearly, Ripsr(X) ⊂ RipsR(X) for R > r.
Deﬁnition 2. A metric space X is asymptotically hereditarily aspherical (shortly AHA), if for every r > 0 there is R  r
such that for every A ⊂ X , any simplicial map f : S → Ripsr(A) (S is any triangulation of sphere Sk , k  2) has simplicial
extension F : B → RipsR(A) for some triangulation B of the ball Bk+1 such that ∂B = S .
Recall that, given a real number c  0, U is a c-disjoint family of subsets of a metric space if for every U1,U2 ∈ U ,
dist(U1,U2) := inf{d(x, y): x ∈ U1, y ∈ U2} > c. We will use the following deﬁnition of asymptotic dimension (see [1]):
Deﬁnition 3. The asymptotic dimension of a metric space X is the smallest integer n 0 such that for any c > 0 there exist
c-disjoint families U0,U1, . . . ,Un of uniformly bounded sets whose union covers X .
3. The result
Theorem.Metric spaces of asymptotic dimension 1 are AHA.
Proof. Let X be a metric space such that asdim X = 1.
Fix some r > 0. We will ﬁnd R  r such that for every A ⊂ X and any triangulation S of the sphere Sk (k  2), every
simplicial map f : S → Ripsr(A) has a simplicial extension F : B → RipsR(A) for some triangulation B of the ball Bk+1, such
that ∂B = S .
For any simplicial complex W denote its vertex set by V (W ). V (Ripsr(X)) can be identiﬁed with X in a natural way.
Remark. It is suﬃcient to show that there exists F : B → RipsR( f [V (S)]), since RipsR( f [V (S)]) ⊂ RipsR(A). Without loss of
generality we assume that A = f [V (S)].
Step 1. Consider f |V (S) : V (S) → Ripsr(A). Clearly, f [V (S)] ⊂ V (Ripsr(A)) and we can identify V (Ripsr(A)) with A. Thus we
will treat f |V (S) as a map from V (S) to A.
Since asdim X = 1, we can cover A by two r-disjoint families U1 and U2 of uniformly bounded sets (there exists some
positive M ∈ R, depending only on X and r, not on f and not on A, such that for every set U ∈ U1 ∪ U2 we have
diamU  M). Denote by N the r-nerve of the cover U1 ∪ U2. It means that the vertex set of N is U1 ∪ U2 and the sets
U1, . . . ,Um (as vertices) span a simplex if dist(Ui,U j) r for every i, j such that 1 i < j m.
Consider a map f˜ : V (S) → N , deﬁned as follows
f˜ (s) =
{
Ui if f (s) ∈ Ui\⋃U j (where Ui ∈ Ui, i = j),
U1 if f (s) ∈ U1 ∩ U2 (where U1 ∈ U1, U2 ∈ U2).
Note that f˜ has a simplicial extension to the map from S to N . Indeed, if v,w are any adjacent vertices of S ,
then dA( f (v), f (w))  r, since f is simplicial. If f˜ (v) = U , f˜ (w) = U ′ , then f (v) ∈ U , f (w) ∈ U ′ and dist(U ,U ′) 
dA( f (v), f (w)) r, so U and U ′ span an edge in N .
As a result we get the simplicial map f˜ : S → N .
Step 2. We will construct a continuous extension f˜ p : Bk+1 → N of f˜ .
Notice, that N is a graph, i.e. dimN  1. To see this, suppose on the contrary that N has some 2-simplex. Then at least
two vertices of this simplex represent sets from the same family U1 or U2. But any two such sets are r-disjoint, which gives
a contradiction.
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Since a tree is a contractible space, let H : N˜ × [0,1] → N˜ be a contracting map: H(x,1) = x, H(x,0) = x0. Denote by
f˜ ′ : S → N˜ any lift of f˜ , which exists since S is simply connected. We extend f˜ ′ to a continuous map f˜ ′′ : Bk+1 → N˜
(without loss of generality we can assume that Bk+1 is a ball of center o and radius 1) in the following way:
• we put f˜ ′′(o) = x0,
• if x ∈ B\{o}, x lies on a unique segment, which joins the center o with some point s ∈ S; we put f˜ ′′(x) = H(s,d(o, x))
then.
Consider the map f˜ p = p · f˜ ′′ . Then f˜ p : Bk+1 → N is a continuous extension of f˜ as required.
Step 3. We will construct an appropriate triangulation B of Bk+1.
Let B ′ be the simplicial cone over S , with the vertex o (in this case B ′ is a ball with center o).
Consider the natural geodesic metric on N (the length of each edge is 1). Notice, that f˜ p : Bk+1 → N has a compact
domain and hence it is uniformly continuous. Fix ε = 12 . Then there exists δ > 0 such that if d(x, y) < δ (for x, y ∈ Bk+1),
then d( f˜ p(x), f˜ p(y)) < ε. Let n be an integer such that every simplex of n-th barycentric subdivision of B ′ is contained
in a ball of radius δ2 . Then the image by f˜ p of such a simplex is contained in a ball of radius ε. Denote by B
′′ the n-th
barycentric subdivision of B ′ .
Denote by f p : V (B ′′) → V (N) the map which assigns any v ∈ B ′′ to a vertex of N closest to f˜ p(v). If there exist two
such vertices (since N is a graph more is not possible) we choose the vertex which represents a set from the family U1.
The map f p has an extension to a simplicial map B ′′ → N . To see it, notice that for any edge [v,w] in B ′′ , we have
d( f˜ p(v), f˜ p(w)) < ε = 12 (since d(v,w) < δ2 ). Since the length of edges is 1, only two cases are possible:
• f˜ p(v) and f˜ p(w) lie on the same edge in N . Obviously, f p(v) and f p(w) are then either the same vertex or two
different vertices of this edge;
• f˜ p(v) and f˜ p(w) lie on two different edges with one common vertex u. Clearly, the distance between u and each of
these points is not bigger then ε. It follows that f p(v) = f p(w) = u.
Observe that ∂B ′′ is the n-th barycentric subdivision of S . Now we will describe some triangulation of the product Sk×[0,n],
where Sk ×{m} will be subcomplex isomorphic with m-th subdivision of triangulation S (for every 0m n). By joining it
with B ′′ , we will get a triangulation of a bigger ball.
At the beginning we triangulate spheres Sk × {0} and Sk × {1} identically as S . We denote by vm this vertex in Sk × {m}
which corresponds to v ∈ V (S) (for m ∈ {0,1}), i.e. vm = v × {m}. We divide Sk × [0,1] into prismatic cells of the form
[v0, . . . , vi] × [0,1] (for 0 i  k), where [v0, . . . , vi] is a simplex of S . Next we make barycentric subdivision of Sk × {1}.
To describe maximal simplices in Sk × [0,1] we choose some prismatic (k + 1)-cell [v0, . . . , vk] × [0,1]. For every 0 j  k
consider the face [v0i0 , . . . , v0i j ], where i1, . . . , i j ∈ {1, . . . ,k}. A maximal simplex in the considered prism is spanned on
vertices v0i0 , . . . , v
0
i j
and barycenters of all faces one of the ﬂags [v1i0 , . . . , v1i j ] ⊂ [v1i0 , . . . , v1i j+1 ] ⊂ · · · ⊂ [v1i0 , . . . , v1ik ]. We
triangulate each of prismatic (k + 1)-cells of Sk × [0,1] in such a way. Notice that all vertices of this triangulation are
contained in Sk × {0} ∪ Sk × {1}. Furthermore this triangulation coincides with our base triangulation S of the sphere
Sk × {0} and on the sphere Sk × {1} it is the barycentric subdivision of the triangulation S . More details concerning such a
triangulation can be found in [6, pp. 121–122].
We triangulate consecutive layers similarly. Once the layer Sk × [m − 1,m] is triangulated, we triangulate Sk × {m + 1}
identically as Sk × {m}. Next we divide the layer Sk × [m,m + 1] into prismatic cells (compatible with the triangulations on
Sk ×{m} and Sk ×{m+1}) and triangulate them as above. Notice, that as a result we obtain the n-th barycentric subdivision
of S on the sphere Sk × {n}. Hence it coincides with the triangulation of the boundary of B ′′ . Therefore we can join the
triangulation of the product Sk × [0,n] with the triangulation B ′′ of the ball Bk+1, by identifying Sk × {n} with ∂B ′′ . Denote
by B the triangulation thus obtained.
Step 4. We will construct F : B → RipsR(A).
Since ∂B = S , we can view f as a map from ∂B to Ripsr(A). Therefore the map F will be extension of f we are looking
for.
Notice, that every vertex v in a layer Sk × {m} (for 0m < n) has the corresponding vertex in Sk × {n}. Denote it by v .
Deﬁne an auxilliary simplicial map F˜ : B → N as follows
F˜ (v) =
{
f p(v) for v ∈ V (Sk × {m}) and form < n,
f p(v) for v ∈ V (B ′′).
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• an edge in B ′′ is mapped to an edge or a single vertex in N due to the fact that f p is simplicial;
• the images of vertices of an edge [v,w] from Sk × {m} (where 0 m  n − 1), are the same as the images of v,w .
v and w are vertices of the n-th barycentric subdivision of S and they lie in some simplex of S . The image of this
simplex by f p is some simplex σ in N (so consequently a vertex or an edge). It follows that f p(v), f p(w) ∈ σ , so they
are one or two vertices of σ and span 0- or 1-simplex;
• the image of an edge [v,w] (where v ∈ Sk × {m},w ∈ Sk × {m − 1},0 <m  n − 1), is the same as the image of v,w .
By the similar argument as in the previous case we get that f p(v) and f p(w) either coincide or span an edge in N .
For every U ∈ U1 ∪U2 ﬁx some point xU ∈ U . Deﬁne a map F : V (B) → A:
F (v) =
{
f (v) for v ∈ Sk × {0},
xU for v ∈ V (B)\V (Sk × {0}), where U = F˜ (v).
After identifying A with V (Rips2M+r(A)) (M was a uniform bound on the diameters of the sets U ∈ U1 ∪ U2), view F as a
map from V (B) to V (Rips2M+r(A)). We will show that F extends to a simplicial map:
• Let [v,w] be an edge in int(B). Let F˜ (v) = U and F˜ (w) = W . Since F˜ is simplicial, we have dist(U ,W ) r. It follows
that dA(F (v), F (w)) diam(U ) + dist(U ,W ) + diam(W ) M + r + M = 2M + r;
• Let [v,w] be an edge in ∂B . In this case
dA
(
F (v), F (w)
)= dA( f (v), f (w)) r < 2M + r;
• Let [v,w] be an edge in B , where v is a vertex in ∂B and w in Sk × {1}. Let v ′ be the vertex in Sk × {1}, which
corresponds to v and let F (v ′) = xU . It means that f p(v) = U and consequently f (v) ∈ U . Let xW := F (w). [v ′,w] is an
edge in Sk × {1} and since F˜ is simplicial, we have dist(U ,W ) r. By the above we have the following
dA
(
F (v), F (w)
)= dA( f (v), xW ) diam(U ) + dist(U ,W ) + diam(W ) M + r + M = 2M + r.
The map F : B → RipsR(A) (for R = 2M + r) is an extension of f as required. 
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